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Abstract

Quantum coherence and interference offer novel pathways to control light–matter interaction at
the atomic scale, with enticing prospects in both fundamental and applied science. Here, we
demonstrate coherent control over transient excitation of localized surface plasmon modes of a
silver nanosphere adjacent to a quantum coherence medium composed of three-level quantum
emitters, using a theoretical approach. We show that quantum interference enables more than
two orders of magnitude enhancement in the surface plasmon ﬁeld generated when the quantum
emitters are driven coherently, in comparison to incoherent pumping. Furthermore, under
optimal conditions, intense surface plasmon lasing can be induced without population inversion
on the spasing transition. Our results open up the possibility of overcoming dissipative losses in
plasmonic modes in the transient regime when steady-state population inversion is difﬁcult to
achieve due to fast relaxation rates and impractical pumping requirements.
Keywords: quantum coherence, spaser, lasing
(Some ﬁgures may appear in colour only in the online journal)

Quantum engineering of light–matter interactions is an
active ﬁeld of research with far-reaching applications ranging from physics, chemistry and materials science to
nanotechnology [1–3]. In the past decade conﬁning light to
nanoscale environments via coupling to the conduction
electrons of metal nanostructures has led to several signiﬁcant applications in microscopy, single-molecule detection, sensing and optical circuits [4–9]. In particular, spaser
(surface plasmon ampliﬁcation by stimulated emission of
radiation) technology has attracted monumental interest
owing to its enticing prospect of using coherent ﬁelds at the
nanoscale [10–12]. However, quantum optical application
down to the single photon-level [13] is still an outstanding
challenge owing to the inherent absorption loss in the metal.
Presence of an optical gain can be used to mitigate loss
[14–23]. However, the gain provided by active medium is

not always sufﬁcient, particularly in the shorter wavelengths,
for e.g. the ultra-violet (UV) regime, due to impractical
pumping requirements [24–26].
On the other hand, quantum coherence and interference
in multi-level quantum emitters has led to several outstanding
effects in physics for e.g. electromagnetic induced transparency (EIT) [27, 28], lasing without inversion (LWI) [29]4,
ultraslow light [30, 31], ultrasensitive magnetometry [32] and
high resolution nonlinear spectroscopy [33, 34]. Recently, it
has been proposed that quantum coherence can be harnessed
to create quantum metamaterials with exotic properties not
readily found in nature [35]. Experimental and theoretical
investigations have provided strong evidence that quantum
coherence also plays crucial roles where the system strongly
interacts with the dissipative environment, for instance, in
biological systems [36, 37].
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and the localized plasmons and the photons classically
[40–42]. We consider the plasmon and photon ﬁeld
a n (t ) = an (t ) exp [-iws] t , bn (t ) = bn (t ) exp [-iwc] t where
an (t ) and bn (t ) are slowly varying amplitudes. The number of
localized surface plasmons per mode is n (t ) = ∣an (t )∣2 . The
interaction Hamiltonian can be written as
 = - å (W(bj ) eiDb t ∣añáb∣ + W(cj ) eiDc t ∣añác∣ + h.c.) (1)
j

 

where
= -An Ã (abj) · j (rj ) an  = W( j) an is the Rabi
frequency for the spasing transition ∣añ  ∣bñ while
 

W(c j) = Ã (acj) · Ec (rj ) bn  is the Rabi frequency for the driven
transition ∣añ « ∣cñ. Here the summation is over all the jth
quantum emitters and we deﬁne the detunings as
Db = wab - wb and Dc = wac - wc . The master equation for
the quantum emitter density matrix ρ is of the Lindblad form
W(bj)

Figure 1. A silver nanosphere of radius r = 40 nm embedded in a

homogeneous dielectric exhibiting optical gain. The level structure
of the gain medium as three-level (Λ-conﬁguration) quantum
emitters is shown in the inset box. In contrast to two-level, threelevel quantum emitters beneﬁt from the possibility to coherently
tailor their optical response using external ﬁelds (for e.g. Wc ). To
explore the transient regime, the gain medium is excited to states ∣añ
and ∣cñ by a ﬂash; however, after a short time t  g -b 1, a strong
coherent ﬁeld is applied to drive the transition ∣añ « ∣cñ. The
quantum emitter goes to the ground state ∣añ  ∣bñ by exciting the
dipolar plasmonic mode of the nanosphere.

dr
i
= - [ , r ] - r

dt

(2 )

where  is the Lindblad superoperator which quantiﬁes the
dissipative part of the master equation. The three-level
quantum emitter shown in ﬁgure 1 the dissipative part is
given by
g
r = b (s†b sb r + rs†b sb - 2sb rs†b)
2
g
+ c (s†c sc r + rs†c sc - 2sc rs†c)
(3 )
2

In this work we demonstrate, theoretically, the possibility
of harnessing quantum coherence in a multi-level quantum
emitter based gain medium, excited by external ﬁelds, to
control and manipulate the generation of localized surface
plasmons in the transient regime. Crucially, we show that
quantum coherence enables two orders of magnitude
enhancement in the plasmon ﬁeld, in comparison to incoherent drive, by mitigating surface plasmon absorption. We
show stronger emission of surface plasmons without population inversion on the spasing (surface plasmon analog of
lasing) transition—analogous to LWI. Our results open the
door for creating gain and overcoming the dissipative plasmonic modes even when steady-state population inversion is
difﬁcult to achieve due to fast relaxation rates and impractical
pumping requirements.
Our system, depicted in ﬁgure 1, consists of a silver
nanosphere embedded in a homogeneous dielectric exhibiting
optical gain. We have modeled the gain medium as a generic
three-level quantum emitter in Λ-conﬁguration, where the
transitions ∣añ « ∣bñ and ∣añ « ∣cñ are dipole allowed while
the transition ∣cñ « ∣bñ is dipole forbidden. The transition
∣añ « ∣cñ is driven by an external coherent ﬁeld of Rabi
frequency Wc . It is advantageous to use multi-level quantum
emitters, excited by external coherent ﬁelds, to control and
manipulate surface plasmons on meta-dielectric interfaces or
localized on metallic structures with dimensions of the order
of or smaller than wavelengths. In contrast to two-level, threelevel quantum emitters beneﬁt from the possibility to coherently tailor their optical response using external ﬁelds and
also quantum vacuum [38, 39]. To neglect any deleterious
effects caused by direct excitation of the spasing transition by
the coherent drive ﬁeld Wc , we have assumed the resonant
frequency wac to differ signiﬁcantly from the frequency wab
for e.g. ∣añ  ∣bñ corresponding to UV while ∣añ  ∣cñ lies in
the near infra-red (NIR) regime.
We employ semiclassical theory to study the light–matter
interaction. We treat the gain medium quantum mechanically

in which sc = ∣cñáa∣, sb = ∣bñáa∣, s†c = ∣añác∣, s†b = ∣bñáa∣,
γ is the spontaneous decay rate on the corresponding transitions. To eliminate the fast oscillating exponentials we use the
following transformation
rab =  ab eiDb t , rac =  ac eiDc t , rcb =  cb ei (Db -Dc) t .

(4 )

From equations (1)–(3) the density matrix equations can be
written as

˙ ab = -Gab  ab - iWan ( aa -  bb) + iWc  cb,

(5 )

˙ cb = -Gcb  cb + iW*c  ab - iWan  ca,

(6 )

˙ ca = -Gca  ca + iW*c ( aa -  cc) - iW*a*n  cb.

(7 )

Equations (4)–(9) are supplemented by their complex conjugates. The evolution of the population terms are given by

˙ bb = gb  aa + i (W*a*n  ab - Wan *ab) ,

(8 )

˙ cc = gc  aa + i (W*c  ac - Wc *ac) .

(9 )

The population conservation requires å ii = 1. The offdiagonal relaxation rates are given as Gab = gab + iDb ,
Gac = gac + iDc , Gcb = gcb + i (Db - Dc). Here gab = (gb +
gc ) 2, gac = (gb + gc ) 2, gcb = 0 . The evolution of the
plasmon ﬁeld is obtained by the Heisenberg equation of
motion for the amplitude an
a˙ n = -Gn an + i åW*( j )  (abj)
j

(10)

 

where Gn = gn + iDn , W( j) = -An Ã (abj) · j (rj )  . Next we
assume that the Rabi frequencies for all the quantum emitters
are the same, i.e. åj   where  is the total number of
quantum emitters. For numerical calculation we have
2
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Figure 2. (a) Plot of the number of localized surface plasmons (solid curve) and scaled inversion between the states ∣añ and ∣bñ (dashed curve)
versus normalized time t = gb t for the initial condition cc (0) = 1.0, aa (0) =  bb (0) = 0 . An intense surface plasmon pulse generated
when the quantum emitter decays to the ground state ∣bñ. The inset shows the three-level quantum emitter in Λ-conﬁguration initially
prepared in the excited state ∣cñ. When the emitter is coherently driven to state ∣añ it decays to the ground state ∣bñ by emitting a surface
plasmon. The local ﬁeld of SPs provides feedback by stimulating the ∣añ  ∣bñ transition. (b) Temporal evolution of population ( xx ) of the
state ∣xñ. For numerical simulation we considered dipolar LSP mode of a silver nanosphere and surrounded by a dielectric medium of
permittivity  d = 2.25. The number density of the quantum emitter is  = 0.92 ´ 10 21 cm-3 and the Rabi frequency of the drive
ﬁeld Wc = 2.0 .

assumed resonant interaction between the quantum emitters
and the localized surface plasmon mode of the silver nanosphere. Under this assumption and the weak plasmon ﬁeld,
the off-diagonal term ab is purely imaginary. Writing
ab = iWan sab where an is real yields sab as real. Now from
equation (10) we obtain
a˙ n = - (Gn + ∣W∣2 sab) an .

excitation channels and yield asymmetry in emission and
absorption rates [48]. This lies at the heart of LWI and related
effects [49]. In ﬁgure 2(a) we have plotted the temporal evolution of the localized surface plasmon LSP (t ) = ∣an (t )∣2 .
We see an intense pulse of localized surface plasmon generated
1
. The total number of LSPs, deﬁned as
around time t ~ g b
¥

 Int
LSP = ò0 LSP (t ) dt , in the pulse is @110 . In ﬁgure 2(b)
we have plotted the temporal evolution of population of the
states ∣añ, ∣bñ and ∣cñ. We see that the oscillations in the
populations of levels ∣añ and ∣cñ are prominent and after a few
oscillations the quantum emitter decays to the ground state ∣bñ.
The surface plasmon peak emission occurs at aa =  bb ~ 0.4,
and the population of level ∣cñ is cc ~ 0.2 .
Quantum interference is very fragile, and severely
affected by decoherence due to coupling with the environment; as such, it may seem that extending coherence effects to
plasmonics may not survive owing to ultrafast relaxation time
scale of the surface plasmons (SP) and large intrinsic losses.
To illustrate the role of atomic coherence, we consider the
initial condition aa (0) = 1, cc (0) =  bb (0) = 0 with a
coherent drive ﬁeld on the transition ∣añ « ∣cñ. Similar for
ﬁgure 2(a), the system begins to spase with population
inversion aa >  bb (as shown by blue shaded region in
ﬁgure 3(a)), however, after short time, a much stronger
plasmon pulse is emitted without population inversion
aa <  bb (as shown by purple shaded region in ﬁgure 3(a)).
However, the total population inversion is deﬁned as
cc + cc -  bb > 0 . The total number of LSP in the presence of the drive is  Int
LSP @ 300 where the ratio of LSPs
with and without population inversion is 1:5. Next, we start
with the same initial condition, but now replace the coherent
drive with an incoherent pump which drives the transiton
∣añ « ∣cñ at a rate  . The interaction Hamiltonian can be

(11)

From equation (8) we can write (assuming W, an are real)
sab =

gb  aa - ˙ bb
.
2W2 an

(12)

From equation (11), the ampliﬁcation of LSP requires sab < 0
which implies gb aa < ˙ bb . In steady-state ˙ bb = 0 and
subsequently sab > 0 , which yields no ampliﬁcation. However in the transient regime it is possible to achieve ampliﬁcation [43–46].
Now we present numerical simulation results obtained by
solving equations (3)–(8). We consider the lower transition
∣añ  ∣bñ of the quantum emitter is resonantly coupled with
the dipolar localized surface plasmon (LSP) mode of a silver
nanosphere. The nanosphere is surrounded by a homogeneous
dielectric of permittivity  d = 2.25. We considered a silver
nanosphere of 40 nm radius and the corresponding surface
plasmon resonance at wn ~ 2.5 eV and the decay rate
gn ~ 1014 s-1 [47]. The decay rates of the quantum emitters
are gb = 4 ´ 1012 s-1, gc = 2.8 ´ 1011 s-1 and the dipole
moment Ãab ~ ea 0 , where a0 is the Bohr radius.
We begin with the scenario where the quantum emitters
have been prepared in the excited state ∣cñ. This corresponds to
the maximum Raman inversion (deﬁned as aa + cc -  bb )
for a three-level quantum emitter. Next we drive the transition
∣añ « ∣cñ by a coherent drive ﬁeld Wc . The coherent drive in
such Λ-conﬁguration induce quantum interference among the
3
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To eliminate the fast oscillating exponentials we use the
following transformation: rab = ab eiDb t , rcb = cb eiDb t .
From equations (1)–(3) the density matrix equations can be
written as

˙ ab = -Gab  ab - iWan ( aa -  bb) ,

(15)

˙ cb = -Gcb  cb - iWan  ca,

(16)

˙ ca = -Gca  ca - iW*a*n  cb.

(17)

Equations (15)–(17) are supplemented by their complex
conjugates. The evolution of the population terms are given
by

written as
1 = - å

+ h.c.)

 aa (t ) =

(13)

j

gb †
(sb sb r + rs†b sb - 2sb rs†b)
2
g + †
+ c
(sc sc r + rs†c sc - 2sc rs†c)
2

+
(sc s†c r + rsc s†c - 2s†c rsc) .
2

˙ cc = (gc + )  aa -  cc.

(19)

e-gb t 2
{4Wc [ - gb sac (0) + 2 ( aa (0) +  cc (0)) Wc ]
16W2c
+ [ - g 2b  aa (0) + 4gb sac (0) Wc

 

where
= -An Ã (abj) · j (rj ) an  = W( j) an is the Rabi
frequency for the spasing transition ∣añ  ∣bñ. The master
equation for the quantum emitter density matrix ρ is of the
Lindblad form given by equation (2) with  replaced by 1. In
the presence of the incoherent pump  , the dissipative part of
the master equation takes the form
W(bj)

r =

(18)

Population conservation requires å ii = 1. The off-diagonal
relaxation rates are given as Gab = gab + iDb , Gac =
gac + iDc , Gcb = gcb + i (Db - Dc). Here gab = (gb + gc +
) 2, gac = (gb + gc + 2) 2, gcb =  2. Next we solve
for the amplitude of the plasmon ﬁeld an and the result is
shown in ﬁgure 3(b). Here, the system begin to spase with
population inversion only. However, the surface plasmon
ﬁeld is more than two orders of magnitude weaker than the
case with coherent drive excitation. From equation (5) we see
that the quantum coherence and interference is captured by
the Raman coherent term cb , which is excited only in the
presence of the coherent drive Wc .
To get some insight, we next discuss the weak plasmon
ﬁeld regime, where analytical solutions can be obtained. In
the presence of a weak plasmon ﬁeld, the populations cc, aa
and the coherence ca decouple from other equations. Using
the initial conditions where cc (0), cc (0), ac (0) are nonzero, the drive ﬁeld Wc is resonant with the transition
∣añ « ∣cñ, and the decay of the spasing transition is much
faster than the drive transition gb  gc one can obtain
approximate analytical solutions as

Figure 3. Plot of the number of localized surface plasmons (solid
curve) and scaled inversion between the states ∣añ and ∣bñ (dashed
curve) versus normalized time t = gb t for the initial condition
aa (0) = 1, cc (0) =  bb (0) = 0 . (a) We apply a coherent drive
ﬁeld of Rabi frequency Wc = 6.9gb . (b) We apply an incoherent
bidirectional pump  = 6.9gb . In both scenarios, the system starts to
lase with population inversion nab > 0 (as shown by blue shaded
region in (a, b)). However, with coherent ﬁeld Wc building up and
strengthening the Raman coherence cb , a much stronger plasmon
pulse is emitted without population inversion nab < 0 (as shown by
purple shaded region in (a)). Subsequently, with coherent drive the
total number of LSP generated  Int
LSP is more than two orders of
magnitude higher compared to bidirectional incoherent pumping
under the same conditions. The number density of the quantum
emitter is  = 1 ´ 10 21 cm-3.

(W(bj ) e iDb t ∣añáb∣

˙ bb = gb  aa + i (W*a*n  ab - Wan *ab) ,

+ 8 ( aa (0) -  cc (0)) W2c ] cos 2Wc t
+ 4Wc [ - gb  aa (0) + 4sac (0) Wc ] sin 2Wc t},
(20)

 cc (t ) =

e-gb t 2
{4Wc [ - gb sac (0) + 2 ( aa (0) +  cc (0)) Wc ]
16W2c
+ [ - g 2b  aa (0) + 4gb sac (0) Wc
- 8 ( aa (0) -  cc (0)) W2c ] cos 2Wc t - 4Wc
´ [ - gb  aa (0) + 4sac (0) Wc ] sin 2Wc t},

(14)

(21)
4
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e-gb t 2
{gb [ - gb sac (0) + 2 ( aa (0) +  cc (0)) Wc ]
16W2c
- 2Wc [gb ( aa (0) +  cc (0))

 ac (t ) = i

- 8sac (0) Wc cos 2Wc t - 8W2c
´ [ aa (0) -  cc (0)] sin 2Wc t}.
(22)

Generally the gain medium is pumped incoherently to transfer
the quantum emitters from the ground state to excited states
without generating any coherence. Without loss of any generality, we assume that the quantum emitters are incoherently
excited to the state ∣cñ, i.e. cc (0) = 1, cc (0) = ac (0) = 0 .
With these initial conditions, equations (20)–(22) take a
simpler form, as

 aa (t ) = e-gb t 2 sin2 Wc t ,

(23)

⎤
⎡
g
 cc (t ) = e-gb t 2 ⎢cos2 Wc t + b sin 2Wc t ⎥ ,
⎦
⎣
4Wc

(24)

⎤
e-gb t 2 ⎡ gb
sin2 Wc t + sin 2Wc t ⎥ .
⎢
⎦
⎣
2
2Wc

(25)

 ac (t ) = i

Figure 4. Plot of the integrated localized surface plasmons ( Int
LSP )
versus the strength of the coherent drive ﬁeld Wc (solid curve) and
incoherent pump rate  (dashed curve). Here the results for
incoherent pump is scaled by 50-fold. The effect of coherent drive
ﬁeld is two-fold. First, the magnitude of the total LSP generated
signiﬁcantly increases; and second, two-fold reduction in the
threshold for achieving spasing. The number density of the quantum
emitter is  = 1.25 ´ 10 21 cm-3.

In this paper, we have focused on surface plasmon
ampliﬁcation by stimulated by emission of radiation in the
transient regime, when population inversion is difﬁcult to
achieve due to fast relaxation rates, impractical pumping
requirements, etc. We show that quantum coherence induced
by the coherent drive ﬁeld plays a crucial role in controlling
the dynamics of energy exchange between the gain medium
and the (dipolar) localized surface plasmon mode of a silver
nanosphere. In particular, under optimal conditions, we
achieved two orders of magnitude enhancement in LSP
generation when the upper transition (∣añ « ∣cñ) of the
quantum emitter is driven coherently rather than pumped
incoherently. Furthermore, with coherent excitation, we
showed that quantum coherence and interference effects
enables stronger emission of LSPs without population
inversion on the spasing transition. Extending the domain of
quantum coherence beyond its conventional platform of
atomic, molecular and optical physics could lead to new
horizons in ultrafast and controllable nanoplasmonics devices
[50–52] for quantum optical applications, down to the single
plasmon level.

Furthermore, the population inversion on the transition
∣añ  ∣bñ, deﬁned as nab = aa -  bb , can be obtained as
nab (t ) = - 1 +

⎛
⎞⎤
g
e-gb t 2 ⎡
⎢3 - ⎜cos 2Wc t - b sin 2Wc t ⎟ ⎥ .
⎠⎦
⎝
2 ⎣
2Wc
(26)

Both, the drive ﬁeld and the decay rates determine the
strength of oscillations in the temporal evolution of population inversion. From equations (5) and (6) we obtain the
evolution of the coherent ab as

¨ ab + Gab ˙ ab + ∣Wc ∣2  ab - Wc Wan  ca = 0.
(27)
In the weak plasmon ﬁeld limit, the solution of this equation
is of the form ab = iWan sab and the temporal evolution of
LSP can be written as
an (t )

òa (0)
n

da n
=an

ò0

t

{Gn + ∣W∣2 sab (t ¢)} dt ¢ .

(28)

Performing the integration yields
an (t ) = an (0)  (t ) e-Gn t

(29)

where (t ) is the integrated gain, deﬁned as  (t ) =
2 t
e- ∣ W ∣ ò0 sab (t ¢) dt ¢ . From equation (29) we see that the integrated gain has to exceed the plasmonic loss to achieve
ampliﬁcation and eventually lasing of the SPs. In ﬁgure 4 we
plot the integrated localized surface plasmons ( Int
LSP ) versus
the strength of the coherent drive ﬁeld Wa (solid curve) and
incoherent pump rate  (dashed curve). Here the results for
incoherent pump is scaled by 50-fold. The effect of coherent
drive ﬁeld is two-fold. First, the magnitude of the total LSP
generated signiﬁcantly increases; and second, two-fold
reduction in the threshold for achieving spasing.
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